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GEOMERY PROBLEMS WITH AN IMPLICITLY DEFINED STRUCTURE - A
MEANS FOR DEVELOPING INTELLECTUAL SKILLS IN LEARNERS

Cmamms npucesauena niaHiMempuyHum 3a0a4am, nos8'a3aHuM i3 cepeouHor0 mpuKymHuka
ma 8NUCAHUM Y Hb02O KOIOM. Baoicniueoro npodiemoro 6 yux npodiemax € me, wjo 0is 8UHAYEHHs
ixHboi cmpykmypu nompioni Oinbui KOHKpemHi, 000amKO8i MIDKYBAHHS, OCKLIbKU 60HA He
susHayena s6Ho. Ilo 00Hili npobOremi, AKA HAUBAEMBCS «OCHOBHOW», 3D00ONEHA OemalbHa
MemoouuyHa po3pobka, ska mae 080 memu. llepuie 3a60aHHA — KOMNJIEKCHO OKpecaumu ix
«OC8IMHIY pileHHs, CNPAMOBAHI HA YIIeCHPAMOBAHY Ni020MOBKY VUHIS8, SAKI CKIA0AMuMymb
amecmam 3pinocmi 3 MAmemMamuku Yu KAHOUOAMCOLKUL ICnum, momy ys npobiema Mae
KpumepianvHuii xapakmep. IHwa mema — npooemMoHcmpysamu MemooudHy mexHoL02I0
CMBOPeHHs cepii HOBUX NPoO.aeM, KI BUNIUBAIOMb 3 Yiel 0CHO8HOT npobiemu. Pozensanymo pisui
i0ei cmeopenHs cucmem 3a0ay i HA8eOeHO 8I0N0BIOHI (hOPMYNIOBAHHSL.

Knrwouoei cnosa: memoouuna pospobka, cmpykmypa 3a0adi, cnocoou po36'a3y68anHs,
iHmenexmyanbHi 6MiHHs, CKIAOAHHSA 3A0aY.

Problem statement. According to the national strategy for comprehensive development of
students' personality, the main focus of education is their intellectual development. A. Krasteva notes
that "intellect is definitely associated with intellectual actions, which in itself is an indicator of the
development of a person's mental activity, i.e. the procedural characteristics of intelligence are
determined by a person's ability to solve problems — reasoning ability” [6, p. 114]. This fully applies
to learning mathematics, which is impossible without solving problems. When performing this activity,
students not only carry out relevant constructions, transformations and learn the formulations of
definitions, theorems, rules, but also learn to express their thoughts and ideas clearly, acquire
purposeful intellectual skills to reason correctly, compare and contrast facts, to discover the common
and the different in them, to make correct conclusions, to think critically, to argue their conclusions, to
master methods of acquiring knowledge. According to D. Polya “Problem-solving is a specific feature
of the intellect, and intelligence is a special gift of man, so problem-solving can be considered as one
of the most characteristic manifestations of human activity. To master mathematics means to be able
to solve problems, not only standard but also those that require originality, ingenuity, independence of
thinking” [15, p. 5]. Therefore, the activity of solving mathematical problems is quite complicated, and
its description is relatively complex and time-consuming. That is why this activity includes many
actions and operations, such as analyzing the text of the problem, building auxiliary models,
reformulating the sought (thesis), the given, comparing with familiar problems, etc. This can explain
the fact that well-known authors of textbooks and teaching aids prefer, with a view to teaching students,
to describe the process of searching for and discovering a solution rather than directly presenting the
solution itself, for example: [2], [12], [16], [20].

Analysis of current research. In order for the training to be successfully implemented, it is
necessary for both the trainers and the trainees to master and apply the correct methodology for
carrying out the activity of solving mathematical problems. For this purpose, it is appropriate that
current teachers, as well as students preparing to become secondary school mathematics teachers,
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should be able to carry out methodical development of the mathematical problems included in the
textbooks, books with problems and teaching aids.

Methodical development of a mathematical problem in this article is understood as the
implementation of the four-stage scheme for solving problems proposed by D. Polya [14, p. 72], which
has been repeatedly quoted, applied, enriched and improved by a number of methodologysts K. Slavov
[19], R. Cherkasov & A. Stolyar [1], V. Krupich [7], I. Ganchev [3], P. Petrov [13], etc.

Research shows that the activity of solving mathematical problems has a staged character,
that is why some authors consider it as a "solving process” [18, p. 170].

The model of D. Poya [14] is extensively enriched in the article [9, p. 96 — 100], where a modern
version of technological model of the activity of solving mathematical problems (ASMP) is developed,
which has a large practical application. It not only describes in detail the main stages and their
corresponding sub-stages of the ASMP, but also presents a diagram of this activity, which also reflects
the connections between individual stages and sub-stages. In such a way, it presents both the content
and the very structure of the activity of solving mathematical problems, that is why it is called a model
of ASMP. In this regard, K. Koleva notes that "the stages of this model can be related to the
corresponding stages of the psychological concept of the formation of skills" [5, p. 12].

In the monograph [10], the ASMP model has been repeatedly applied to solving multiple
problems that have different structures or are from different areas of mathematics, but the question
of composing new problems has not been considered there.

The objectives of the article is to consider various ideas for creating problem systems and
provide appropriate formulations.

Findings. Educational pedagogical practice and teaching experience show that the training
of students, which is aimed at mastering the ASMP and its model, contributes to the assimilation
and deepening not only of knowledge about the theory and structure of mathematical problems,
but also to the acquisition of generalized mathematical knowledge and intellectual skills at a
reflective level. This confirms the thesis that the problem of the methodical development of tasks
continues to be relevant.

In this article, the ASMP model is applied to a planimetric problem (with an implicitly
defined structure), which will be subjected to a detailed methodological development, including
the sub-stage of composing new problemss by applying different ideas and methods. For
definiteness, we call this output problem the "basic problem".

Basic problem. In a right triangle AABC (3#ACB = 90°), the midcenter G lies on the

inscribed circle. Find the ratio % of the radii  and R, respectively, of the circle inscribed in AABC

and the circle circumscribed around it.

Solution. | stage: Learning the statement and the requirements of the problem and
determining its structure. Each right triangle is uniquely defined by two parameters, at least one of
which must be metric. No new parameters are needed for the inscribed and circumscribed circles
because, according to the relevant theorems, their centers are uniquely determined for each
triangle. There is no metric element given in the statement of the problem, and the non-metric
element is implicitly set here as well. To make it easier to understand the statement of the problem
and state the non-metric element in it, it is useful to introduce the following notations: let CM be
the median to the hypotenuse AB, and let O be the center of the inscribed circle k in AABC. Since
the midcenter G is given to lie on the inscribed circle, and by definition it is the point of intersection
of the medians, then G is the common point of the median CM and the circle k. But CM and k
have two common points. Which one is the midcenter? Since it divides each median in the ratio
2:1 from the vertex, G must be the intersection of CM and k that is closer to M. It should be noted,

1 This problem is a modification of problem M1224, which was proposed by V. Senderov [17, p.
26] for the Kvant magazine, 1990, vol. 5, p. 26 in the rubric "Quantum problem™ and one of its variants is
discussed in the article [4, p. 46]. Here, from the text of the cited problem M1224, essentially only the given
is borrowed: "The medians of a right-angled triangle intersect at its inscribed circle. Find the angles of this
triangle”, and what is sought is formulated by the author of this article.
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however, that the given right triangle AABC cannot be isosceles, because in that case one of the
common points of CM and k is the point of contact of the circle k with the hypotenuse, and the
other common point is closer to the vertex C, but the specified 2:1 ratio is not fulfilled for them.
Therefore, the statement and the requirements given in the problem will be fulfilled when the right
triangle AABC is not isosceles. Let us, for definiteness, assume, for example, that AC < BC, which
is equivalent to the inequality 4ABC < 4BAC (Fig. 1).

Fig. 1

In such a way, the implicitly assigned element in the problem is expressed (has a
relationship) with the specified relation in which the intersection point G of CM and k divides the
median CM. Therefore, it can be concluded that the figure is defined by the similarity relation —
this is the structure of the basic problem and represents the main information in it. Everything else
in the statement (both given and sought) refers to the specific information. There is no redundant
information in the basic problem statement.

11 stage: Generating a solution idea.

The main information in the problem (the figure is defined to the similarity relation) points
to the idea: introducing an additional metric parameter. But which is suitable? Such a linear
element would be suitable, which could make a connection between what is sought in the problem

and the implicitly set ratio. Since the ratio % is sought, either r, or R, or some other segment but

related to both radii  and R could be chosen as an additional metric parameter.
111 stage: Implementation of the idea.
Perhaps, taking into account that AB is the hypotenuse in AABC, and it is a diameter of the

circumscribed circle and CM = %AB = R, and on the other hand, the CG: GM = 2:1 is satisfied,

it seems that the third possibility is preferable, namely — to choose the length x of the segment GM,
x > 0, as a parameter. Then CG = 2x, R = 3x. It remains to express the radius r of the inscribed
circle by x. For this purpose it () must be included in some triangle for which there is some
information, i.e. for which sides or for some of them it is possible to express by the parameter x.
Such could be those triangles in which both r (directly or indirectly) and a segment expressed by
x are involved. In order to account the condition that the midcenter G € k and that the segment
CG is already expressed by x, and the segment CO is the bisector of the right angle at the vertex C
and at the same time it is very easily expressible by » (Why?), it would obtained a suitable triangle
if the radius 0G = r is additionally constructed. This gives the triangle ACOG. For it, it is satisfied:
CO = r+/2 (CO is a diagonal in the square CPON), OG = r and CG = 2x. Therefore, the desired
relationship between r and x can be achieved by applying the cosine theorem for ACOG. However,
the question arises here: "For which side should it be applied?". Since <0CG is the angle between
the bisector of the right angle (#ACB) and the median CM, and it is expressible by 2ABC = (3, it
is appropriate to apply the cosine theorem to the side OG, which lies opposite <OCG. Since
X0CG = <0OCB — «BCM, and <«BCM = «CBM = f3, then <«0OCG = 45° — . Then the
equalities are satisfied:
0G? = C0? + CG? — 2.C0.CG.cos(45° — B)
r?2 = 2r? + 4x% — 2.7V2.2x. (cos 45°. cos B + sin 45°.sin B)
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r? + 4x% — 4-7‘\/796\/2—5@053 +sinf)=0 (1)
In order to find cos 8 + sin 3, the characteristic equality for a right triangle can be used: a +
b = 2r + 2R, which, in order to obtain the sought ratio %, it is appropriate to be written in the

following form: = + 2 = Z4 1,
a 2R 2R b R

But i cosf,a i smrﬁ :

Therefore cosf +sinf = e 1 (2

Then equality (1) takes the form:

r2+4x2—4rx(£+1) =0 (3)

In order to obtain a suitable equation for the sought ratio %, it is appropriate to divide equation
(3) by R?, resulting in

r2  4x?  4rx(r

Ere o wGt)=0 @

But R = 3x, therefore, it is appropriate to write (4) as follows
4x2 r o x

—+——4-= ( + 1) = 0 or, after simplification, in the form:
R%Z = 9x2 R 3x

r 2 4 4 (r
B +3-3@GE+1)=0 ©
It is appropriate to make the substitution here %z t, t € (0; 1), by which from (5) the

equation is obtained t2 + g - gt(t + 1) = 0. Simplifying, it takes the following normal quadratic

equation form 3t2 + 12t — 4 = 0. The latter has only one positive root and it is t = # €

(0; 1). Hence the sought relation in the basic problem 2 has value: % = 6+4\/_

In order to implement the idea of I. B. Olbinskii for a "development of the problem” [11 p.
15], it is also appropriate to note that from equality (2), with the thus found value of the ratio ~ for
6+4\/_

the angle B, the trigonometric equation ccos 8 + sin§ = ———+ 1 is obtained, which, after

simplifying its right side, takes the form cos § + sin 8 = %5 -1 (6).

Since this equation is of the type: a.sin 8 + b.cos f = c and ¢? < a? + b? is fulfilled for
its coefficients (even in the particular case the strict inequality in it is present, which is easily
verified), then equation (6) will have a solution. Various ideas can be applied to find it. Since ¢ >
0 is fulfilled for the free term c of equation (6) and the left side is also positive, there is no danger
of obtaining foreign solutions when squaring its two sides. This exponentiation results in the
following basic trigonometric equation sin 28 = 2(2 — \/§) ~ 0,72. Since it was assumed above

that AC < BC,i.e. 4ABC < 45° < 4BAC, then 28 < 90°. Therefore, the last equation for 23 has
a unique solution in the interval ((0°; 90°), i.e. B € (0°; 45°).
The comments made above can be continued along the following lines. Through the formula

sin2f = tgﬁ , from the equation sin 28 = - (2 — \/—) a fractional equation for tgp is obtained,

2.t
1+tZ§B = 5(2
reciprocal:

8(2 —V3)tg?p +6.tg8 —8(2—+3) = 0.

If the senior coefficient and its free term are rationalized, the equation is obtained 4.tg?g +
3(2 +V3)tgB — 4 = 0. It has only one positive root for tgf8, which, however, is expressed by a

complex radical, namely tgp = (\/127 +36V3—6— 3\/_)
The reasoning and research conducted here has a twofold role. On the one hand, they are a
concrete implementation of the idea of "development” of the basic problem, and on the other hand,
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they can also support the creation of new problems during the implementation of the next stage.
And all this contributes to the development of the intellect of the learners.

IV stage: A look back. Other ideas for solution can be presented here, their advantages and
disadvantages clarified, and also compared in terms of rationality. Thus, for example, since the
figure in the basic problem is defined to the similarity relation, it is possible to apply the method
of similarity, i.e. to find the required ratio for one of the many similar triangles — for example, the
one whose hypotenuse is 6 units. Then R = 3, CG = 2, GM = 1. The rest of the reasoning repeats
those that were carried out during the application of the parameterization method, as a result of

which, for the sought ratio % we again arrive at equation (5), having one positive root: % = _6“;4‘5

. Of course, in order to realize the idea of developing the problem, the reasoning concerning the
angle £ can also be carried out.

Another idea for finding a solution to the basic problem is based on the metric dependence that
connects the tangent and the secant constructed from an external point to the given circle (Fig. 2).

Fig. 2

It shows that the median CM, crossing the inscribed circle at points ¢ and L, forms two
secants. One is CG with outer part CL and the other is ML with outer part MG. On the other hand,
CN is tangent to this circle and therefore the equality is satisfied

CG.CL=CN?* (1)

Analogously for the tangent MQ we have the equality

ML.MG = MQ? (2)

In order to use these relations, since the considered figure in the basic problem is defined to
similarity, it is necessary, as in the first solution, to introduce a metric parameter. Here it is also
appropriate to accept the length x of the segment MG as such, because it directly expresses the lengths
of the segments CG, CM, AB. Let’s MG = x, (x > 0). Therefore CG = 2x, CM = 3x, AB = 6x,

R = 3x. Then, to find the required ratio %, it is sufficient to calculate the ratio i (because % = %i)

Therefore, a relationship must be found between r and x. For this purpose, it must be taken into account
that CN = r and equality (1) CG.CL = CN? is fulfilled. In it the segment CL is not expressed by x,
and since the chord LG is contained both in the secant CG and in the secant ML, it is convenient to
temporarily accept the length of this chord as an additional parameter. Let’s mark LG = p, where 0 <
p < 2x. Then CL = 2x — p and therefore equality (1) yields the form

2x2x—p)=1%2 ()

Since ML = x + p, the equality (2) takes the following form

(x+p)x=MQ* (4)

It remains to be expressed by the parameters the tangent MQ. If AC < BC, i.e. b < a, then
the point of contact Q of the inscribed circle with the hypotenuse AB is between A and M. Then
MQ = AM — AQ. Since AM = R, and AQ = AN = AC — CN, then AQ = b — r. Therefore

MQ=R-b+r (5

Since CPON is a square with side r, using the property of tangents from point C to the circle,
we get that r = CN = CP = CB — BP. But CB =a and BP = BQ = BM + MQ = R + MQ.
Therefore

r=a—R—-MQ (6)

From (5) and (6) it follows that MQ =R — b + a — R — MQ, from which it follows that
MQ = az;b . This allows equality (4) to be written in the form

65



AKmyabHi numaHHs npupodHU4o-MmamemamuyHoi oceimu. 2024. Bunyck 2(24)

+pr=22 (1)

From equations (3) and (7) the following system is obtained
4x%2—2px = r?

-»2z (8
2x2 + 2px = &2 zb) ®)

From it, by eliminating the parameter p, the following relation between r, x, a and b is
obtained.
6x2 = r2 4 @D 9).
2
To find the £ ratio, the a and b legs must be eliminated. For this purpose, the characteristic

equalities for a right triangle are used:

a+b=2r+2R (10) u a® +b?> =c? =4R? (11).

By squaring equality (10) and applying (11) is obtained the equality

ab = 4rR +2r?  (12)

The product ab can be expressed in terms of r and x in different ways. Thus, for example,
if we transform equality (9) and apply (11), we get

ab = 2R? +r? — 6x% (13)

Since R = 3x, equalities (12) and (13) take the form, respectively:

ab = 12rx + 2r? and ab = 12x? + r2.

From these, by equating the right sides and simplifying, a homogeneous quadratic equation
with respect to r and x is obtained

r?2+12rx—12x2 =0 (14)

Since the ratio :—C Is sought, it is appropriate to write the equation (14) in the following form

r

2
(¢) +125-12=0.
X X
This quadratic equation has only one positive root, namely £ = —6 + 4+/3. Then for the

required relation the following result is obtained:
T _ —6+43
R 3

As can be seen from the realization of these two ideas for solving the basic problem, a number

of instructive conclusions can be drawn in a reflexive plan. On the one hand, the discovery of the
presented "educational™ solutions required the use of knowledge from different sections of the school
mathematics course — both geometry, algebra and trigonometry. Discovering the very structure of the
problem, which is implicitly defined in the statement, requires making appropriate additional
constructions. As a result, different ideas arise for the application of specific mathematical knowledge
and relevant skills that the problem solver should possess. On the other hand, the reasoning carried out
and their presentation in formulating these solutions contribute significantly to the development of
relevant intellectual skills in learners.

The Look Back stage also includes the creation of new problems. From the basic problem,
new problems can be created in different aspects.

A. Problems having the same structure — the figures in them must be defined to the similarity
relation. Here, the possibilities for varying what is sought, and even more so for changing what is
given, are quite limited due to the specific condition: that the midcenter G of the given right
triangle lies on the circle inscribed in it. Thus, by keeping what is given in the basic problem and
varying what is sought, we formulate the following problems.

Problem A.1. Inaright triangle AABC (4ACB = 90°), the midcenter G lies on the inscribed

circle. Find the ratio % , Where m_. is the median to the hypotenuse and r is the radius of the circle

inscribed in AABC.
Problem A.2. Inaright triangle AABC (AACB = 90°), the midcenter G lies on the inscribed

circle. Find the ratio é , where r is the radius of the circle inscribed in AABC and AB is its
hypotenuse.
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Problem A.3. Inaright triangle AABC (4ACB = 90°), the midcenter G lies on the inscribed
circle. Find the ratio of the legs AC: BC, where AC is the smaller leg in AABC.
Problem A.4. Inaright triangle AABC (3#ACB = 90°), the midcenter G lies on the inscribed

circle. Find the ratio ﬁ , where r is the radius of the circle inscribed in AABC and AB is the smaller

leg.
Problem A.5. Inaright triangle AABC (3#ACB = 90°), the midcenter G lies on the inscribed

circle. Find the ratio %, where R is the radius of the circle circumscribed around AABC and BC is

its larger leg.

Problem A.6. In a right triangle AABC (4ACB = 90?), the midcenter G lies on the inscribed
circle. Find the ratio of the perimeter of AABC and the radius of the circle inscribed in AABC.

Problem A.7. Inaright triangle AABC (4ACB = 90°), the midcenter G lies on the inscribed
circle. Find the ratio of the perimeter of AABC and the radius of the circle circumscribed around
AABC.

Problem A.8. In aright triangle AABC (3#ACB = 90°), the midcenter G lies on the inscribed
circle. Find the ratio of the length of the circle inscribed in AABC to its perimeter.

Problem A.9. Inaright triangle AABC (4ACB = 90°), the midcenter G lies on the inscribed
circle. Find the ratio of the area of the circle inscribed in AABC and the area of AABC.

Problem A.10. In a right triangle AABC (4ACB = 90°), the midcenter G lies on the
inscribed circle. Find the ratio of the perimeter of AABC and the circumference of the circle
inscribed in it.

Problem A.11. In a right triangle AABC (4ACB = 90°), the midcenter G lies on the
inscribed circle. Find the ratio of area of the circle circumscribed around AABC and the area of the
circle inscribed in AABC.

Problem A.12. In a right triangle AABC (4ACB = 90°), the midcenter G lies on the
inscribed circle. Find the tangents of the acute angles in AABC.

B. New problems can be created by changing their structure — the figures that are
considered in them are defined to the congruency relation. For this purpose, one metric element
must be added to what is given in their statements — whether it is primary or secondary for the
triangle or for its constituent parts, into which it is divided by the median CM. At the same time,
in this series of problems different elements can be wanted — both metric (lengths of segments,
areas of figures), and non-metric (angles or relations of elements of the same dimension). An
example of a problem from this series is the following.

Problem B1. In a right triangle AABC (#ACB = 90°), for which AC < BC, the median CM

intersects the inscribed circle at point G. If the radius of this circle has length 2v/3 — 3, find the
length of the hypotenuse and the area of AABC.

Note. To find the area of AABC, it is not necessary to find the lengths of its legs or the height
to the hypotenuse, it is enough to find only the product of the legs.

It is also worth to note that this problem (and also the mentioned problems in series B) can
be generalized. For this purpose, the length of the radius of the inscribed circle can be set by a
parameter instead of the specific value. Here is its formulation:

Problem B1. (generalized). In a right triangle AABC (4ACB = 90°), the median CM
intersects the inscribed circle at point G. If the length of the radius of this circle is r, find the length
of the hypotenuse and the area of AABC.

C. New problems can be formulated if the following idea is used. For a right triangle AABC
(4ACB = 90?), in which the median CM intersects the circle inscribed inside it at point G (closer
to point M), as a given, let's assume the results (answers) of the twelve above problems (A.1. -
A.12.) from series A, and the conclusion (thesis) of the new problems should be: "Prove that this
point G is the midcenter of the given AABC ™. For this purpose, of course, the specified twelve
problems must be solved in advance, in order to use their results as given in the new problems to
be created for the proof of the thesis indicated in them. Thus, if this idea is applied to the basic
problem, the following new problem is reached.
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Problem C1. In a nonisosceles right triangle AABC (3ACB = 90°), the median CM
intersects the circle inscribed inside it at point G (Fig. 1). If the ratio of the radius of the circle

inscribed in AABC and the radius of the circle described around it is equal to @, prove that

point G is the midcenter of AABC.

The rest of the problems from series B are formulated in a similar way.

Conclusions and prospects. The presented methodological development of the considered
basic problem enables the current teacher, and even more so the beginner, as well as the students —
future teachers of mathematics to master the subtleties of working with planimetric problems.
Constructing problems is a creative process that develops various cognitive abilities. The
implementation of the last stage of the updated methodological model of the activity of solving
mathematical problems (ASMP) is particularly useful, since, on the one hand, it introduces the reader
to various ideas for searching and finding a solution, and on the other hand, it presents a methodical
technology for constructing new problems and reveals various possibilities for its application. This is
extremely valuable for the teacher, because it gives him ideas on how to formulate different problems
for individual students or groups of students for an upcoming test, to ensure complete autonomy in
solving them by each student. Ensuring independence is important for activating and developing
reflexive thinking in the learners, because it contributes to a more conscious mastering of the methods
and heuristics used in the implementation of such a complex activity with the considered problems and
to improve the methodology of working with them. And all this contributes to increasing the quality
of students' mathematical training, helps their intellectual development, to successfully navigate in
more complex situations in real reality and ensures a more complete achievement of the goals of
mathematics education, which, from its side, leads to building in the modern young person personal
qualities necessary for his development throughout his life.

REFERENCES

1. Cherkasov, R. S., Stolyar, A. A. (1985). Methodology of Teaching Mathematics in Secondary
School. General Methodology. A Textbook for Students of Pedagogical Institutes. Moscow,
Prosveshchenie.

2. Fridman, L. M., Turetskii, E. N. (1984). How to learn to solve problems. Second edition,
Moscow, Prosveshtenie.

3. Gancheyv, I., Kolyagin, Y., Kuchinov, Y., Portev, L., Sidirov, Y. (1996). Methodology of
Teaching Mathematics VIII-XI grade. Part I. Sofia : Modul.

4. Dubrovskii, V., Senderov, V. (1999). Triangle Trap. In: Kvant, 3, 46-50.

5. Koleva, K. (2021). The Logical Problems. Monograph.Veliko Tarnovo : ITI.

6. Krasteva, A. (2009). The Intellectual Development and Critical Thinking of Students —
Connections and Dependencies. Pedagogy, 9-10, 111-119.

7. Krupich, Y. (1995). Theoretical Foundations of Teaching How to Solve School Mathematical
Problems. Moscow : Prometei.

8. Kuchinov, Y. (2002). Competition Problems in Mathematics for Admission in High Schools
in 2001. Book 8. Sofia : Modul.

9. Miloushev, V., Boykina, D. (2013). On the methodology for solving problems in the school
course of mathematics. In: Collection of Cherkasy University, Series “Pedagogical Sciences”,
8(261), 95-107.

10. Milousheva-Boykina, D. (2021). Read, Understand and Create an Idea : monograph. Plovdiv :
University Press Paisii Hilendarski.

11. Olbinsky, 1. B. (1998). Development of Problems. Mathematics in school, 2, 15-16.

12. Petrov, P. (1993). A heuristic Scheme for Finding Solutions to Planimetric Problems. A
teacher's guide. Stara Zagora : IPKU.

13. Petrov, P. (2003). Formation of Problem-solving Skills from the School Course of
Mathematics : theoretical-applied aspects. Stara Zagora : Kota.

14. Polya, D. (1972). How to Solve It. Sofia : Narodna Prosveta.

68



AKmyabHi numaHHs npupodHuU4o-Mmamemamu4Hoi oceimu. 2024. Bunyck 2(24)

15. Polya, D. (1976). Mathematical discovery. Problem solving : basic concepts, study and
teaching. Narodna Prosveta.

16. Portev, L. et al. (1996). Mathematics : A Textbook for the Sate Matriculation and University
Student Exam in Four Parts. Part Il "Geometry". Plovdiv, Lettera.

17. Senderov, V. (1990). Problem M1224. Kvant, 5, 26.

18. Skafa, E., Milloushev, V. (2009). Construction of learning-cognitive heuristic activity in
solving mathematical problems. Plovdiv : University Press Paisii Hilendarski.

19. Slavov, K. (1978). Preparing Students for Independent Work in Mathematics. Sofia : Narodna
Prosveta.

20. Tumanov, S. 1. (1969). Finding solutions to problems. Moscow : Prosveshchenie.

Boykina D. Geomery problems with an implicitly defined structure — a means for
developing intellectual skills in learners.

The article is devoted to planimetric problems related to the midcenter of a triangle and the
circle inscribed in it. The significant issue in these problems is, that more specific, additional
reasoning is needed to determine their structure, because it is not explicitly define. On one
problem, called ,,basic”, a detailed methodological development is made, having two goals. The
first objective is to outline their , educational® solutions comprehensively, intended to the
purposeful preparation of students who will take the matriculation exam in mathematics or
candidate student exam, that is why this problem has a criterion character. The other goal is to
demonstrate a methodical technology for creating a series of new problems that derive from this
basic problem. Different ideas for creating systems of problems are considered, and the
corresponding formulations are presented.

Key words: methodical development, structure of a problem, methods for solving,
intellectual skills, creating of problems.
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BIIJIMB IHTEPAKTUBHUX METOJAIB HABYHAHHS HA PO3BUTOK
KPUTUYHOT' O MUCJIEHHSA YYHIB ITPH BUBYEHHI XIMII

Y cmammi pozenadaemvca akmyanvua npobdnema po3sumKy KpUmuiHO20 MUCTIEHHS VYHIG
3aK1A0I8 3a2ANIbHOI CepeOHbOl 0C8ImU Yepe3 BNPOBAONCEHHS THMEPAKMUBHUX MeMOOI8 HABUAHHS HA
ypokax Xximii. Memoio OocniddcenHs € meopemuyHe OOIPYHMYBAHHA MA eKCNepUMEeHMAalbHa
nepegipka cucmemu IHMEPAKMUSHUX MemOOi6 HABYAHMSA, CHPAMOBAHUX HA (DOPMY8aHH mMa
PO36UMOK HABUHUOK KPUMUUHO20 MUCTEHHS 3000yeadie ocsimu. Memoodonoeia 0ocnioxiceHHs
IPYHMYEMbCSL HA KOMIIEKCHOMY NIOX00I, WO BKII0YAE MEeOpemudHULl aHani3 HAYKo8oi limepamypu 3
npobnem po36UmKy KPUMUYHO20 MUCIEHHS, Ne0da202i4H020 eKCNepuMeHmy ma OiacHOCIUYHUX
Memoouk. /[na oyinKu pieHs KpUmuyHo20 MUCIEHHS BUKOPUCMAHO cmanoapmusosanuil mecm Jlopen
Cmapki, adanmosanuii 00 YKpaincoKux oceimuix peaniti. Pezynvmamu 00cniodcenHs 0eMOHCMpPYIOmb
SHAUHULL NO3UMUBHULL ehekm 6i0 BNPOBAONCEHHS THMEPAKMUBHUX MemO00ié HABUAHHA. 30Kpema,
eKCnepuUMeHmaIbHO 008e0eHO NIOBUYEHHS DIBHA KPUMUYHO20 MUCTIEHHSL 8 YUHIG DI3HUX GIKOBUX 2PN,
3a¢hikco8aHO NOKpaWeHHs ChOPMOBAHOCMI KIIOUOBUX CKAAO08I KPUMU4Ho20 MucienHs. Ilpakmuune
BHAYEHHs OOCTIONCeHHs1 NOAsA2A€ 8 po3podyi ma anpobayii cucmemu IHMEPAKMUBHUX MemOoOis
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